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We review the calculation of one-loop contributions to the three-gluon vertex, for arbitrary (off-shell) external
momenta, in arbitrary covariant gauge and in arbitrary space-time dimension. We discuss how one can get the
results for all on-shell limits of interest directly from the general off-shell expression.
1. INTRODUCTION
The three-gluon vertex is the basic object
of Quantum Chromodynamics [1] “responsible”
for its non-Abelian nature. In the standard
covariant-gauge perturbation theory, the one-loop
contributions to the three-gluon vertex have been
studied in a number of papers. Celmaster and
Gonsalves [2] presented the one-loop result for
the vertex, for off-shell gluons, restricted to the
symmetric case, p21 = p
2
2 = p
3
3, in an arbitrary
covariant gauge. Then, Ball and Chiu [3] consid-
ered the general off-shell case, but restricted to
the Feynman gauge. Later, various on-shell re-
sults have also been given, by Brandt and Frenkel
[4], restricted to the infrared-singular parts only
(in an arbitrary covariant gauge), and by Nowak,
Prasza lowicz and S lomin´ski [5], who also gave the
finite parts for the case of two gluons being on-
shell (in the Feynman gauge).
In a recent paper [6], we have completed the
investigation of the one-loop three-gluon vertex
in covariant gauge (for the case when massless
quarks are considered). We have obtained re-
sults which are valid for arbitrary values of the
space-time dimension and the gauge parameter.
Apart from the three-gluon vertex itself, we have
also considered the ghost-gluon vertex (as well as
two-point functions), to be able to check that all
these quantities obey the Ward–Slavnov–Taylor
identity for the three-gluon vertex. The present
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cow State University, 119899, Moscow, Russia.
†On leave from Joint Institute for Nuclear Research,
141980, Dubna, Russia.
paper contains a brief overview of those results.
2. NOTATION
The lowest-order three-gluon vertex is well
known,
−igfa1a2a3
[
gµ1µ2(p1−p2)µ3+gµ2µ3(p2−p3)µ1
+gµ3µ1(p3 − p1)µ2
]
, (1)
where p1, p2 and p3 are the momenta of the glu-
ons, all of which are ingoing, p1 + p2 + p3 = 0.
The fa1a2a3 are the totally antisymmetric colour
structures corresponding to the adjoint represen-
tation of the gauge group. They can be extracted
from the general three-gluon vertex by defining
Γa1a2a3µ1µ2µ3(p1, p2, p3)
≡ −i g fa1a2a3 Γµ1µ2µ3(p1, p2, p3). (2)
Since the colour structures fa1a2a3 are antisym-
metric, Γµ1µ2µ3(p1, p2, p3) must also be antisym-
metric under any interchange of a pair of gluon
momenta and the corresponding Lorentz indices.
When one calculates one-loop (and higher) con-
tributions to the three-gluon vertex, other tensor
structures arise, in addition to the lowest-order
expression (1), and the general tensor decomposi-
tion should be considered. We use the symmetric
decomposition of the general three-gluon vertex,
proposed in [3],
Γµ1µ2µ3(p1, p2, p3)
=A(p21, p
2
2; p
2
3) gµ1µ2(p1 − p2)µ3
+B(p21, p
2
2; p
2
3) gµ1µ2(p1 + p2)µ3
2−C(p21, p
2
2; p
2
3)
(
(p1p2)gµ1µ2−p1µ2p2µ1
)
(p1−p2)µ3
+ 13S(p
2
1, p
2
2, p
2
3)
(
p1µ3p2µ1p3µ2+p1µ2p2µ3p3µ1
)
+F (p21, p
2
2; p
2
3)
(
(p1p2)gµ1µ2 − p1µ2p2µ1
)
×
(
p1µ3(p2p3)− p2µ3(p1p3)
)
+H(p21, p
2
2, p
2
3)
[
−gµ1µ2
(
p1µ3(p2p3)−p2µ3(p1p3)
)
+ 13
(
p1µ3p2µ1p3µ2−p1µ2p2µ3p3µ1
)]
+ {cyclic permutations} . (3)
The A, C and F functions are symmetric in the
first two arguments, the H function is totally
symmetric, B is antisymmetric in the first two
arguments, while S is antisymmetric with respect
to interchange of any pair of arguments. The F
and H contributions are totally transverse, i.e.
they give zero when contracted with any of p1µ1 ,
p2µ2 or p3µ3 . At the zero-loop level, the only non-
vanishing function is A(0) = 1 (cf. eq. (1) ).
The set of one-loop diagrams contributing to
the three-gluon vertex contains the gluon, ghost
and quark “triangles”, as well as three “bubbles”
involving four-gluon vertices. The tensor struc-
ture of the gluon propagator (with the momen-
tum p) is (gµ1µ2 − ξpµ1pµ2/p
2), where ξ is the
covariant-gauge parameter (taking ξ = 0 corre-
sponds to the Feynman gauge). In what follows,
we shall use the superscript “(1, ξ)” for the contri-
butions in arbitrary gauge (without quark loops),
“(1, 0)” for the same contributions in the Feyn-
man gauge, and “(1, q)” for the contribution of
the quark loops. The superscript “(1)” refers to
the sum of all one-loop contributions.
In the one-loop calculation, the following scalar
integrals (corresponding to the triangle diagrams)
are involved:
J(ν1, ν2, ν3) ≡
∫
dnq
((p2 − q)2)ν1((p1 + q)2)ν2(q2)ν3
where n = 4−2ε is the space-time dimension. All
such integrals occurring in the calculation of the
one-loop three-gluon vertex can be algebraically
reduced to one non-trivial integral,
J(1, 1, 1) = ipin/2 η ϕ(p21, p
2
2, p
2
3), (4)
where ϕ(p21, p
2
2, p
2
3) ≡ ϕ is a totally symmetric
function, and three two-point integrals, J(0, 1, 1),
J(1, 0, 1) and J(1, 1, 0), which can be expressed in
terms of a power-like function
κ(p2i ) ≡ κi = −
2
(n− 3)(n− 4)
(−p2i )
(n−4)/2 (5)
as, e.g., J(1, 1, 0) = ipin/2 η κ(p23), and similarly
for J(0, 1, 1) and J(1, 0, 1). In these equations, η
denotes a factor constructed of Γ functions,
η ≡ Γ2(n2 − 1)Γ(3−
n
2 )/Γ(n− 3). (6)
Note that integrals J(ν1, ν2, ν3) with two non-
positive powers νi vanish in dimensional regular-
ization [7]. For ξ 6= 0, we also get integrals with
some of the powers of the denominators equal to
two. However, with the help of the integration-
by-parts technique [8] these integrals can be al-
gebraically reduced to the above basic set (see
ref. [9]).
For the integral (4), a one-dimensional integral
representation [10] (which is valid for arbitrary ε)
can be derived,
−
ipi2−εη
(−p23)
1+ε
1
ε
1∫
0
dσ σ−ε ((yσ)−ε−(x/σ)−ε)
(yσ2+(1−x−y)σ+x)
1−ε .
Using the connection between massive and mass-
less diagrams [11] and the known expressions for
two-loop massive vacuum diagrams [12], the re-
sult for J(1, 1, 1) (in arbitrary space-time dimen-
sion) can be presented in terms of 2F1 hypergeo-
metric functions. In four dimensions, the off-shell
result can be expressed in terms of dilogarithms
(see e.g. in [13,3,9]).
3. OFF-SHELL RESULTS
When calculating the diagrams, we used the
standard technique of tensor decomposition [14],
reducing the result to combinations of scalar
integrals multiplying the tensor structures con-
structed from the external momenta. Then, we
constructed the scalar functions (3) as certain lin-
ear combinations of the coefficients of these ten-
sor structures. Finally, all scalar integrals were
expressed in terms of the above-mentioned basis
of the four integrals. While performing the cal-
culations, the REDUCE system [15] was heavily
employed.
3Before presenting selected results, we define
two totally symmetric combinations of the invari-
ants formed from the external momenta,
Q ≡ (p1p2)+(p1p3)+(p2p3) = −
1
2 (p
2
1+p
2
2+p
2
3),
K ≡ p21p
2
2 − (p1p2)
2 = − 14λ
(
p21, p
2
2, p
2
3
)
,
where λ is the Ka¨llen function.
Let us first consider the one-loop contributions
to the three-gluon vertex (3) in the Feynman
gauge (ξ = 0), without the quark loops. We shall
use the standard notation CA for the Casimir con-
stant, facdf bcd = CA δ
ab, with (CA = N for the
SU(N) group), whereas the factor η occurring in
the results is defined by eq. (6).
The one-loop results for the functions (3), for
arbitrary value of the space-time dimension n, are
A(1,0)(p21, p
2
2; p
2
3) =
g2 η
(4pi)n/2
CA
4(n− 1)K
×
{
(n− 1)
(
p23 + 3(p1p2)
)
×
[
p23(p1p2)ϕ+(p1p3)κ1+(p2p3)κ2+p
2
3κ3
]
+4(n− 1)K [(p1p2)ϕ+ κ3]
−(3n− 2)K [κ1 + κ2]
}
, (7)
B(1,0)(p21, p
2
2; p
2
3) = −
g2 η
(4pi)n/2
CA (p
2
1 − p
2
2)
4(n− 1)K
×
{
(n−1) [(p1p3)(p2p3)ϕ
+(p1p3)κ1 + (p2p3)κ2 + p
2
3κ3
]
+(4n− 3)K (κ1 − κ2)/(p
2
1−p
2
2)
}
, (8)
C(1,0)(p21, p
2
2; p
2
3) =
g2 η
(4pi)n/2
CA
4(n− 1)K
×
{
3(n−1)
[
p23(p1p2)ϕ+(p1p3)κ1+(p2p3)κ2+p
2
3κ3
]
−2 (4n−3) K (κ1−κ2)/(p
2
1−p
2
2)
}
, (9)
S(1,0)(p21, p
2
2, p
2
3) = 0, (10)
F (1,0)(p21, p
2
2; p
2
3) =
g2 η
(4pi)n/2
CA
4(n− 1)K3
×
{
2
[
(n2 − 1)(p1p2)(p1p3)(p2p3)
+2(n− 2)p23K − (n− 7)(p1p2)K
]
×
[
p23(p1p2)ϕ+(p1p3)κ1+(p2p3)κ2+p
2
3κ3
]
+2K [(n+1)(n−4)(p1p3)(p2p3)−(5n−11)K]
×[(p1p2)ϕ+ κ3]
+2p23K [(n+ 1)(p1p3)(p2p3) + (n− 3)K]ϕ
+(4n− 7)K2 [κ1 + κ2]
+K
[
2(n+1)(p1p2)(p
2
1−p
2
2)
2+(4n−3)K(p1−p2)
2
]
×(κ1−κ2)/(p
2
1−p
2
2)
}
, (11)
H(1,0)(p21, p
2
2, p
2
3) =
g2 η
(4pi)n/2
CA
2(n− 1)K3
×
{
(n2 − 1)(p1p2)(p1p3)(p2p3)
× [(p1p2)(p1p3)(p2p3)ϕ+ (p1p2)(p1p3)κ1
+(p1p2)(p2p3)κ2 + (p1p3)(p2p3)κ3]
−3(n−1)(p1p2)(p1p3)(p2p3)K [Qϕ+κ1+κ2+κ3]
+2(n− 1)K3 ϕ
+(n−2)K
[
p21
(
p21(p2p3)+(p1p2)(p1p3)
)
κ1
+p22
(
p22(p1p3)+(p1p2)(p2p3)
)
κ2
+p23
(
p23(p1p2)+(p1p3)(p2p3)
)
κ3
]}
. (12)
When expanded around n = 4, these results cor-
respond to those presented in [3] (see in [6] for
the details of this comparison).
In [6], the results for (massless) quark-loop con-
tributions are also presented. For example,
A(1,q)(p21, p
2
2; p
2
3) =
g2 η
(4pi)n/2
NfTR
n− 2
n− 1
[κ1 + κ2] ,
where Nf is the number of quarks and TR =
1
8Tr(I) =
1
2 . The result S = 0 is valid also for the
quark loop contributions, even when the quarks
are massive (moreover, it is valid in an arbitrary
gauge). It should be noted that presenting the re-
sults in arbitrary dimension does not spoil their
compactness, as compared with the formulae ex-
panded around n = 4.
In an arbitrary gauge, the results for the scalar
functions of the three-gluon vertex (3) are obvi-
ously less compact than those in the Feynman
gauge. We list one of them below, for arbitrary
value of the space-time dimension:
A(1,ξ)(p21, p
2
2; p
2
3) =
g2 η
(4pi)n/2
CA
1
32K2 p21 p
2
2
×
{[
p21p
2
2K
((
8− 4ξ − (n− 2)(n− 3)ξ2
)
p23
+2
(
12 + 4(n− 3)ξ + (n− 3)ξ2
)
(p1p2)
)
+ξ ((n−4)ξ+4)KQ ((n−3)(p1p2)Q−(n−4)K)
+ξ ((n−3)ξ + 2) (n−1)p21p
2
2p
2
3(p1p2)Q
]
×
[
p23(p1p2)ϕ+ (p1p3)κ1 + (p2p3)κ2 + p
2
3κ3
]
−K
[
((n− 4)ξ + 4)K
(
((n− 4)ξ − 8) p21p
2
2
4+ξQ
(
(n−2)p23 − 2(n−3)(p1p2)
))
−ξ ((n−3)ξ+2) (n−2)p21p
2
2p
2
3Q
]
[(p1p2)ϕ+κ3]
+K ϕ
[
ξ ((n− 4)ξ + 4)K
×
(
(2n−7)p21p
2
2p
2
3 +Q
(
p21(p1p3)+p
2
2(p2p3)
))
+ξ ((n−3)ξ + 2) p21p
2
2p
2
3
(
p23Q− 2(n−4)K
)]
−
K
n−1
[
p21p
2
2K
(
8(3n−2) + 4(n−1)(5n−17)ξ
−3(n− 1)(n− 4)ξ2
)
+ξ ((n− 4)ξ + 4) (n− 1)KQ2
+ξ ((n−3)ξ+2) (n−1)p21p
2
2p
2
3Q
]
[κ1+κ2]
}
, (13)
One of the main technical problems we met
in this calculation was how to bring the results
for arbitrary ξ to a reasonably short form, i.e.
how to organize the result and which bases to
choose. First, it was possible to get better fac-
torization of the coefficients by considering not
ϕ and κi themselves but certain linear combina-
tions. Then, the next idea was to try to use in
some cases not only p21, p
2
2, p
2
3 but also the scalar
products (p1p2), (p1p3) and (p2p3), together with
the notation Q and K for symmetric combina-
tions. These tricks (as well as looking for proper
combinations of ξ and n) allowed us to write the
expressions in a much shorter form.
There are some special values of the gauge pa-
rameter ξ we would like to point out. First of
all, we see that the terms containing p21, p
2
2 or p
2
3
in the denominator disappear not only if we put
ξ = 0, but also in a “singular” (in four dimen-
sions) gauge, ξ = −4/(n − 4). Having no p2i in
the denominator is convenient when one consid-
ers on-shell limits, i.e., when some of the external
momenta squared vanish; otherwise, one needs to
expand the scalar integrals in the vanishing mo-
menta squared (see Section 4). Secondly, many
terms vanish for ξ = −2/(n− 3), which could be
considered an n-dimensional generalization of the
Fried–Yennie gauge [16].
In four dimensions, the only function which is
ultraviolet-divergent is the A function. It should
be renormalized by adding the counterterm
A(1,CT )=
g2
(4pi)2
[
CA
(
2
3+
3
4ξ
)
− 34NfTR
] (1
ε
+R
)
where R is a constant related to a choice of renor-
malization scheme, whereas g2 ≡ g2e−γε(4pi)ε
is the “rescaled” coupling constant. Such a re-
definition of g2 is usually performed in the MS
renormalization scheme [17] which corresponds to
the choice R = 0 (cf. eq. (15) of ref. [2]). In the
symmetric limit, p21 = p
2
2 = p
2
3, our results (af-
ter renormalization) coincide with those from the
paper [2] (which had been also confirmed in [18]).
4. ON-SHELL LIMITS
We first consider the case of one external mo-
mentum squared being zero, p23 = 0. Note that
now we should consider the scalar functions A,
B, C and F from (3) with permuted arguments
as well. The result for the triangle integral (4)
simplifies in this limit,
J(1, 1, 1)
∣∣∣∣
p2
3
=0
= ipi2−ε η ϕ(p21, p
2
2, 0)
= ipi2−ε η
1
ε2
(−p21)
−ε − (−p22)
−ε
p21 − p
2
2
, (14)
where η is defined by eq. (6). Moreover, in
the framework of dimensional regularization [7],
J(1, 1, 0)|p2
3
=0 = 0, while the results for J(1, 0, 1)
and J(0, 1, 1) remain unchanged. The 1/ε pole
in (14) corresponds to the infrared (on-shell) sin-
gularity which arises in the scalar integral in the
limit p23 = 0.
For the Feynman gauge, ξ = 0 (and also for
the singular gauge, ξ = −4/(n− 4)), it is enough
to perform the above substitutions to get the an-
swer. In the case of arbitrary ξ, however, the sit-
uation is more tricky, due to the presence of p23 in
the denominators of the scalar functions. Here, in
order to get a correct answer, one needs the next
term of the expansion of the integral J(1, 1, 1) in
p23 (see in [6]).
The infrared 1/ε singularities of the results for
gluon and ghost contributions have been com-
pared with the results given in [4], eqs. (24)–(25).
The functions Gj defined in [4] can be represented
as linear combinations of the scalar functions (3),
including those with permuted arguments. To
get renormalized results, the counterterm A(1,CT )
was added to all A functions. In the MS scheme,
5the obtained results coincide with those presented
in ref. [4], eq. (25) (up to a minor misprint).
We next consider one external momentum be-
ing zero, p3 = 0. In this case, p1 = −p2 ≡ p
(p21 = p
2
2 = p
2), and the proper limit of eq. (14)
yields:
J(1, 1, 1)
∣∣∣
p3=0
= i pi2−ε η
1
ε
(−p2)−1−ε. (15)
Actually, we get some powers of (p21 − p
2
2) in the
denominator from the K’s, since K = − 14 (p
2
1−p
2
2)
2
in this limit. Therefore, we should be careful tak-
ing the limit p22 → p
2
1 and expand the numerator
up to higher powers in (p21 − p
2
2).
In this limit, there are only three independent
tensor structures left,
Γµ1µ2µ3(p,−p, 0)
= 2 gµ1µ2pµ3
[
A(p2, p2; 0) + p2 C(p2, p2; 0)
]
− (gµ1µ3pµ2+gµ2µ3pµ1)
[
A(0, p2; p2)−B(0, p2; p2)
]
−2pµ1pµ2pµ3 C(p
2, p2; 0) . (16)
The following relation holds for the zero-momen-
tum case (for arbitrary values of n and ξ):
A(1)(p2, p2; 0)−A(1)(0, p2; p2)+B(1)(0, p2; p2)=0.
Using this relation, we can reduce the number of
tensor structures in (16) from three to two,
Γ(1)µ1µ2µ3(p,−p, 0)
= (2gµ1µ2pµ3−gµ1µ3pµ2−gµ2µ3pµ1)A
(1)(p2, p2; 0)
+2pµ3
(
p2gµ1µ2 − pµ1pµ2
)
C(1)(p2, p2; 0), (17)
where the results for the scalar functions are given
in [6]. Note that the first tensor structure on the
r.h.s. of (17) coincides with (1). Renormalizing
our results in the MS scheme, we find that they
agree with those of [4]. We have also compared
the renormalized version of eq. (17) with the one-
loop results presented in ref. [19], eq. (A10). We
reproduce their result for T1, but not for T2.
Finally, we consider two external momenta
squared being zero, p21 = p
2
2 = 0. In this case,
we find
J(1, 1, 1)
∣∣
p2
1
=p2
2
=0
= i pi2−ε η ϕ(0, 0, p2)
= −i pi2−ε η
1
ε2
(−p2)−1−ε, (18)
J(1, 0, 1)
∣∣
p2
1
=p2
2
=0
= J(0, 1, 1)
∣∣
p2
1
=p2
2
=0
= 0, (19)
while the result for J(1, 1, 0) remains unchanged.
Note that now, when two external lines are
on-shell, the infrared singularity in J(1, 1, 1) is
stronger and gives 1/ε2.
Again, it is enough to make the above substitu-
tions to get the result in Feynman gauge (ξ = 0),
and in the singular gauge (ξ = −4/(n− 4)), but
the situation is more tricky for arbitrary ξ since
we have p21 and p
2
2 in the denominators of the
scalar functions. To solve this problem, we need
to consider the expansion of J(1, 1, 1) in p21 and
p22. Two independent ways were used to get the
results for the scalar functions in this limit:
(i) We take the expressions for one of the mo-
menta squared equal to zero (see above), and put
the second momentum squared equal to zero. In
the corresponding expressions, all p2i occurring in
the denominators are always accompanied by the
corresponding κi ≡ κ(p
2
i ) in the numerator, which
should be put equal to zero when p2i vanishes.
(ii) First, we put J(1, 0, 1) = J(0, 1, 1) = 0.
Since the resulting expressions did not have sin-
gularities for p21 = p
2
2, the next step was to put
p21 = p
2
2 ≡ p
2
0. Then, the integral J(1, 1, 1) was ex-
panded in p20/p
2 keeping the terms up to (p20/p
2)2.
Finally, the limit p20 → 0 was taken.
The results obtained in these two ways coin-
cide, the expressions obtained for the scalar func-
tions (3) are presented in [6]. Infrared-divergent
parts were successfully compared with the ex-
pressions presented in [4]. The result for the
three-gluon vertex in the Feynman gauge (for
p21 = p
2
2 = 0) is available in Appendix B of ref. [5].
It is expanded around n = 4, and the divergent
and finite (in ε) parts are presented. In this limit,
our expressions agree with the results of [5].
5. CONCLUSIONS
We have obtained results for the one-loop
three-gluon vertex valid for arbitrary values of
the space-time dimension, n, and the covariant-
gauge parameter, ξ. We have considered the gen-
eral off-shell case (arbitrary p21, p
2
2, p
2
3), as well as
all on-shell cases of interest. Moreover, having
the results in arbitrary dimension, it was possible
to get all on-shell expressions just by considering
the corresponding limits of the general (off-shell)
6results3. This would be impossible if one started
from the off-shell results expanded around n = 4,
because in this case the infrared (on-shell) diver-
gences would appear as logarithms of vanishing
momenta squared.
To calculate the vertex, we used the decom-
position (3) and considered the six scalar func-
tions, A,B,C, S, F and H , which completely de-
fine the three-gluon vertex. One of these func-
tions, namely the S function, was found to be
identically zero at the one-loop order4. For spe-
cial cases, we have successfully compared our re-
sults with those from the papers [2,3] (off-shell)
and [4,5] (on-shell).
Furthermore, in [6] we have obtained gen-
eral results for the ghost-gluon vertex. Employ-
ing these results, together with one-loop two-
point functions, we have checked that the Ward–
Slavnov–Taylor identity for the three-gluon ver-
tex is (for arbitrary n and ξ) satisfied by the ex-
pressions obtained. This is another non-trivial
check on the longitudinal part of the vertex (the
A, B, C and S functions).
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